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Abstract

A new nonlinear, low-Reynolds-number k±e turbulence model is proposed. The stress±strain relationship is formed by successive

iterative approximations to an algebraic Reynolds-stress model. Truncation of the process at the third iteration yields an explicit

expression for the Reynolds stresses that is cubic in the mean velocity gradients and circumvents the singular behaviour that a�icts

the exact solution at large strains. Free coe�cients are calibrated ± as functions of y� ± by reference to direct numerical simulation

(DNS) data for a channel ¯ow. By using the nonlinear stress±strain relationship, the sublayer behaviour of all turbulent stresses is

reproduced. The extension to nonequilibrium conditions is achieved by sensitising the model coe�cients to strain and vorticity in-

variants on the basis of formal relations derived from the algebraic Reynolds-stress model. The new model has been applied to a

number of complex two dimensional (2-D) ¯ows, and its performance is compared to that of other linear and nonlinear eddy-vis-

cosity closures. Ó 1998 Elsevier Science Inc. All rights reserved.
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Notation

a � �aij� anisotropy tensor, Eq. (1)
C coe�cient of linear term in

nonlinear eddy-viscosity model
(NLEVM)

Cl coe�cient in standard k±e
model

Ce1; Ce2 coe�cients in e equation
D damping factor in e equation
D=Dt � �@=@t� � Uj�@=@xj� derivative following the mean

¯ow
fl damping factor in low Rey-

nolds-number eddy-viscosity
formula

fP nonequilibrium factor in
NLEVM coe�cients

I identity matrix
k turbulent kinetic energy
le � k3=2=e dissipation length
P � 1

2
Pkk rate of production of turbulent

kinetic energy
Pij rate of production of uiuj

q1; q2; q3 coe�cients of quadratic terms
in NLEVM

Rt � k2=me turbulent Reynolds number
Re Reynolds number
s � �sij� dimensionless mean-strain ten-

sor, Eq. (2)

s dimensionless mean-strain in-
variant, Eq. (5)

Ui � �U ; V ;W � mean-velocity components
ui � �u; v;w� turbulent-velocity components
xi � �x; y; z� cartesian coordinates
yn wall-normal distance
y� � ynk1=2=m dimensionless wall-normal dis-

tance
a; b; c coe�cients in algebraic Rey-

nolds-stress model, Eq. (13)
a; b; c values of ar; br; cr in log

layer, Eq. (26)
c1; c2; c3; c4 coe�cients of cubic terms in

NLEVM
e rate of dissipation of turbulent

kinetic energy
ew function with theoretical near-

wall asymptotic behaviour of e
m kinematic molecular viscosity
mt eddy viscosity
r � �k=e�

����������������������
�@Ui=@xj�2

q
dimensionless shear parameter

rk ; re turbulent Prandtl numbers in k
and e equations, respectively

Uij pressure±strain correlation
x � �xij� dimensionless mean-vorticity

tensor, Eq. (2)
x dimensionless vorticity invari-

ant, Eq. (5)
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1. Introduction

First-order-closure models of turbulence assume an explicit
algebraic relationship between Reynolds stresses and mean-ve-
locity gradients. The popularity of linear (Boussinesq) eddy-
viscosity models (EVMs) is based upon a theoretical justi®ca-
tion in simple shear ¯ows, their success in attached, fully-tur-
bulent boundary layers subject to weak pressure gradients,
and the ease of their incorporation into existing Navier±Stokes
codes. Their range of applicability is broadened by formulating
the eddy viscosity, mt, in terms of two scale-determining trans-
port variables, such as k and e (Launder and Spalding, 1974) or
k and x (Wilcox, 1994). Such models work well in two dimen-
sional (2-D) thin shear ¯ows, where only one Reynolds stress
component is dynamically signi®cant. However, practical engi-
neering ¯ows exhibit complex mean strain associated, for ex-
ample, with streamwise pressure gradients, separation,
impingement, streamline curvature, and swirl. These features
are, in turn, sensitive to the turbulence structure ± especially
anisotropy ± as well as history e�ects.

The minimum level of turbulence closure capable of resolv-
ing both anisotropy and history e�ects with any degree of rig-
our is second-moment closure, wherein transport equations are
solved for each individual stress component. However, for gen-
eral three dimensional (3-D) calculations, such di�erential
stress models (DSMs) are costly, often unstable, and contain
many terms that require modelling. A promising alternative,
which has received increasing attention in the past few years,
is to develop nonlinear eddy-viscosity models (NLEVMs), with
the aim of accounting correctly for the e�ects of complex strain
(Speziale, 1987, Shih et al., 1993, Gatski and Speziable, 1993,
Craft et al., 1997).

Near solid boundaries, the use of log-law-based wall func-
tions, which assume near-equilibrium turbulence and limit grid
re®nement by requiring the near-wall node to lie in the fully-
turbulent region, is generally regarded as inferior to a direct in-
tegration through the viscous sublayer. In the k±e framework,
the latter requires two modi®cations ± a viscosity-dependent
factor fl in the eddy viscosity, representing both true viscous
damping and preferential damping of wall-normal velocity
¯uctuations, and a modi®cation of the dissipation-rate equa-
tion, so as to return the correct asymptotic behaviour near
the wall. Viscous damping factors are typically functions of
y� � ynk1=2=m (where yn is the wall-normal distance) and/or
the turbulent Reynolds number Rt � k2=me. In constructing a
low-Re NLEVM, a common approach is simply to multiply
the nonlinear terms by the factor fl. However, this ignores
the di�erent behaviour of individual stresses: for example,
m2=k vanishes as the wall is approached; whereas u2=k and
w2=k tend to nonzero values. This paper describes an alterna-
tive model that respects this distinct behaviour.

The remainder of this paper starts with, in Section 2, a gen-
eral analysis of nonlinear stress±strain relationships, demon-

strating the e�ects of the nonlinear terms. A new cubic low-
Re k±e model is then derived in Section 3. In Section 4, the ap-
plication of NLEVMs to 2-D separated ¯ows around an aero-
foil, in an asymmetric di�user, and behind a backward-facing
step is reported and discussed. This is followed by general con-
clusions in Section 5.

2. The nonlinear stress±strain relationship

2.1. Foundations

In what follows, cartesian tensors of rank 2 are boldface
(e.g., T), and their components are italicised (e.g., Tij). Con-
tracted products are written as for matrix multiplication:
�ST�ij � SikTkj. The trace, Tkk , of a tensor is denoted by fTg,
and the second and higher invariants by
T2 � fT2g � TijTji; T3 � fT3g � TijTjkTki, etc. Components of
mean velocity are denoted by Ui and turbulent ¯uctuations
by ui. The turbulent kinetic energy is k � 1

2
uiui, and its produc-

tion and dissipation rates are P and e, respectively. The anisot-
ropy tensor a is de®ned by

aij � uiuj

k
ÿ 2

3
dij �1�

and the dimensionless mean strain and vorticity tensors, s and
x by

sij � 1

2

@Ui

@xj
� @Uj

@xi

� �
k
e
; xij � 1

2

@Ui

@xj
ÿ @Uj

@xi

� �
k
e
: �2�

The foundations of nonlinear eddy-viscosity modelling
were laid by Pope (1975), who proposed a general constitutive
relationship between Reynolds stresses and mean strain in in-
compressible ¯ow:

a �
X10

k�1

Gk�g1; . . . ; g5�Tk�s;x�: �3�

The Tk are linearly-independent, symmetric, traceless tensors
that are coordinate-invariant, homogeneous tensor combina-
tions of s and x, while the gr are invariants of the form
fsaxbscxd . . .g. The ®nite number of invariants and tensorially
independent products of s and x are a consequence of the Cay-
ley±Hamilton theorem of matrix algebra.

It is shown later that sensitivity to normal-stress anisotropy
and mean-streamline curvature can be achieved by a simpler
cubic stress±strain relationship, which can be written in the ca-
nonical form

a � ÿ2Cs� q1 s2 ÿ 1

3
s2I

� �
� q2�xsÿ sx� � q3 x2 ÿ 1

3
x2I

� �
ÿ c1s2sÿ c2x2sÿ c3 x2s� sx2 ÿ x2sÿ 2

3
xsxf gI

� �
ÿ c4�xs2

ÿ s2x�: �4�
The grouping of cubic terms±for example, the appearance of
x2s in two separate elements±is for convenience: the last two
terms vanish identically in 2-D incompressible ¯ow. Note that
s2 � s2=2; x2 � ÿx2=2 where

s � �����������
2sijsij

p
; x � ��������������

2xijxij

p �5�
are the dimensionless strain and vorticity invariants, respec-
tively.

In the ®rst line of Eq. (4) the conventional linear k±e model
is recovered with C � Cl. The qi-related terms are quadratic in
mean-velocity gradients. Examples of nonlinear models termi-
nated at this level are the material-frame-indi�erent model of

Superscript
� curve ®t (as function of y�) to

DNS data for channel ¯ow

Subscript
1 log-law region (mathematical-

ly, y� ! 1)
For a general matrix
m fmg denotes the trace

mkk ; m2 � fm2g; m3 � fm3g,
etc.
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Speziale (1987), the renormalisation-group model of Rubin-
stein and Barton (1990), and the realisable models of Shih et
al. (1993, 1995). The ci-related terms are cubic in the mean-ve-
locity gradients. Examples include the models of Lien et al.
(1996) ± strictly a low-Re, cubic extension of the model of Shih
et al. (1993) ± and Craft et al. (1997). In the latter, the coe�-
cients are further sensitised to the anisotropy invariant A2,
for which a third transport equation (derived from a DSM)
may be solved.

The addition of quadratic terms allows normal-stress ani-
sotropy to be resolved, while cubic terms introduce sensitivity
to mean streamline curvature and swirl. There is some ambigu-
ity in referring to the �c1; c2� terms as cubic, because they are
tensorially linear, i.e., proportional to s, and could be com-
bined with the linear term. However, insofar as their role is dis-
tinct ± in promoting sensitivity to curvature ± it is convenient
to regard them as separate entities.

The succeeding subsections highlight certain consequences
of the nonlinear stress±strain relationship (4) for speci®c types
of strain. Sections 2.3 and 2.4, in particular, relate to features
that can be resolved only by including the nonlinear terms.

2.2. Two-dimensional incompressible ¯ow

In any 2-D incompressible ¯ow, it can be shown readily
that the cubic terms associated with c3 and c4 vanish and that
the quadratic terms make no explicit contribution to the pro-
duction of turbulent kinetic energy by mean shear:

P � ÿuiuj
@Ui

@xj
� efÿasg: �6�

For a linear eddy-viscosity model, P=e � Cls2 and the produc-
tion of k is unconditionally positive. However, this is no longer
true for the general nonlinear model.

2.3. Normal-stress anisotropy in simple shear

When @U=@y is the only nonzero mean-velocity derivative,
the canonical form Eq. (4) gives

a11 � u2=k ÿ 2=3 � �q1 � 6q2 ÿ q3�r2=12;

a22 � m2=k ÿ 2=3 � �q1 ÿ 6q2 ÿ q3�r2=12;

a33 � w2=k ÿ 2=3 � ÿ�q1 ÿ q3�r2=6;

a12 � um=k � ÿCrÿ �c1 ÿ c2�r3=4;

�7�

where r � �k=e�@U=@y. From this, it is seen that, in simple
shear, the quadratic terms are responsible for normal-stress
anisotropy, because, without them, the normal stresses, u2

a
would all be equal to 2k=3, in contradiction to experiment.
Speziale (1987) demonstrates that normal-stress anisotropy is
necessary for the development of secondary ¯ows in noncircu-
lar ducts.

It is common, although by no means essential, to take
c1 � c2, in order that the cubic terms have no e�ect in simple
shear, or, as in the model presented in Section 3, to relate them
to the linear and quadratic coe�cients. This, together with the
observation that solid-body rotation should have no e�ect on
the stress ®eld, so that q3 � 0, yields, in simple shear, three
equations for the unknown coe�cients, C; q1 and q2, in terms
of the three independent anisotropy components. In Section 3,
Eq. (7) is used to calibrate a low-Re nonlinear model.

In general, the weak e�ect of the quadratic terms on the
shear stress, the fact that in 2-D mean ¯ow they have no e�ect
on the production of k, and the need to incorporate the impor-
tant e�ect of mean-streamline curvature, motivates the addi-
tion of cubic terms. The e�ect of these terms in curved shear
¯ow is considered below.

2.4. E�ects of curvature

The stabilising/destabilising e�ects of mean-streamline cur-
vature can be demonstrated by considering the production
terms in the Reynolds-stress equations. At any particular point
of interest, consider a cartesian coordinate system whose x-axis
is locally aligned with the ¯ow. Shear is then manifested by the
nonvanishing of @U=@y and curvature by the nonvanishing of
@V =@x. (In streamline coordinates, @V =@x � ÿjUs, where the
curvature j ± the reciprocal of the radius of curvature ± and
the unit normal vector ~en, which determines the y-direction,
are de®ned by @~es=@s � ÿj~en, with~es, a unit vector in the di-
rection of the mean ¯ow.) Shear makes a contribution
ÿ2uv�@U=@y� to the Reynolds-stress production term P11,
while curvature makes a contribution ÿ2uv�@V =@x� to P22. As-
suming-uv to have the sign of @U=@y, then, for a curved shear
¯ow,

P22

e
� ÿuv

e
@V
@x
� Cl

k
e

� �2
@U
@y

@V
@x
� Cl

4
�s2 ÿ x2�: �8�

Thus, the sign and magnitude of the curvature e�ect are deter-
mined by the parameter s2 ÿ x2 � 2�s2 � x2�, with ``stabilis-
ing'' curvature, i.e., a tendency to reduce turbulent energy,
present when s2 ÿ x2 < 0 and typically associated with convex
surfaces (Fig. 1), where the velocity increases away from the
centre of curvature.

The e�ect of curvature may be mimicked by the �c1; c2� cu-
bic terms in the nonlinear stress±strain relationship (4). These
cubic terms are proportional to the linear term and simply
change the e�ective Cl:

Cl � C � 1

4
�c1s2 ÿ c2x

2�: �9�

Thus, as anticipated, the e�ect of curvature is determined by
the parameter s2 ÿ x2, and has the correct sign, provided c1

and c2 are positive. A similar analysis can be used to link the
c4-related term to swirl (Craft et al., 1997).

2.5. Coe�cients of existing nonlinear k±e models

The coe�cients of some quadratic and cubic NLEVMs that
have been tested by the present authors are listed in Table 1.
With the exception of the model of Lien et al. (1996), these
are high-Re forms, and viscous damping factors are necessary
to apply them in the near-wall sublayer. Speziale's model has,
in its original form, terms involving DSijDt, as part of the
``Oldroyd derivative'': the present authors have found it im-
possible to obtain numerically-stable solutions with these
terms included and have, therefore, been obliged to neglect
them. In Shih et al.'s model, consideration of ¯ows for which
the rotational strain x is much larger than the irrotational
strain s shows that the model does not enforce positive normal
stresses, as the authors apparently intended.

Fig. 1. Stabilising and destabilising mean-streamline curvature in a tur-

bulent shear ¯ow.
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3. A new low-Re nonlinear eddy-viscosity model

3.1. Motivation

In Section 2 it was shown that the addition of nonlinear
terms to the stress±strain constitutive relationship can mimic
the response of turbulence to certain complex strains, whilst
the model remains within a one- or two-equation framework.
To account for normal-stress anisotropy and mean-streamline
curvature, the stress±strain relationship must be at least cubic
in products of the mean-velocity gradients. Because complex
strains often coincide with complex boundaries, the inadequa-
cies of wall functions motivate the search for a model capable
of integrating through the viscous sublayer. To resolve the dif-
ferent behaviour of individual stresses, the coe�cients of the
various nonlinear terms must have di�erent low-Re damping
functions.

The new low-Re model is cubic in products of the mean-ve-
locity gradients and is based upon three primary elements.
1. A formal nonlinear stress±strain relationship is obtained by

successive iterative approximations to the solution of an al-
gebraic Reynolds-stress model.

2. The free coe�cients are calibrated (as functions of y��
against DNS data for plane channel ¯ow, by expressing
them in terms of the anisotropy components aij and dimen-
sionless shear r.

3. Coe�cients are extended to nonequilibrium conditions ± by
consideration of their P=e dependence ± in a manner that
ensures that anisotropy components are bounded.

As a subsidiary element, viscous terms deduced from DNS da-
ta appear in the dissipation-rate equation. Alternatively, the
dissipation length scale may be speci®ed algebraically.

3.2. Simpli®cation of an algebraic Reynolds-stress model

The idea of generating a NLEVM from an implicit, alge-
braic Reynolds-stress model ± itself derived by simpli®cation
of a di�erential stress model ± is not novel. It was ®rst de-
scribed by Pope (1975) and subsequently developed by Gatski
and Speziable (1993). It can be shown that the Cayley±Hamil-
ton theorem (``a matrix satis®es its own characteristic equa-
tion'') implies that there are only a ®nite number of
independent products of powers of s and x and that an alge-
braic system for stresses based on a linear model for the pres-
sure±strain interaction could be solved exactly, yielding
quadratic and quintic NLEVMs in 2- and 3-D ¯ows, respec-
tively. (According to Gatski and Speziable, the coe�cient of
the quintic term turns out to be zero, so that their NLEVM
is actually quartic.) An unattractive feature of the exact solu-
tion is that it can become singular for large strains, leading
Gatski and Speziable to ``regularise'' their stress±strain rela-
tionship by using nonsingular Pad�e approximants for nonequi-
librium ¯ows.

The present approach does not attempt to solve the alge-
braic system exactly, but generates the terms of successive or-
der in a NLEVM by repeated iterative approximation. This
has several advantages: it is relatively simple mathematically,
while still retaining all the qualitative e�ects of anisotropy; it

yields no singularities for large strains; and it could, in princi-
ple, be applied in conjunction with nonlinear pressure±strain
models.

Applying the approximation of Rodi (1976) to remove the
Reynolds-stress advection and di�usion terms,

D

Dt
�uiuj� ÿ diff �uiuj� � uiuj

k
Dk
Dt
ÿ diff �k�

� �
� uiuj

k
�P ÿ e�;

�10�
and assuming isotropic dissipation, the Reynolds-stress trans-
port equations can be reduced to

�P ÿ e�aij � Pij ÿ 2

3
Pdij

� �
� Uij; �11�

where Pij and Uij are the production and pressure±strain corre-
lations, respectively. The latter is typically decomposed into
slow �Uij1� and rapid �Uij2� parts, which are most commonly
based upon a linear model:

U1=e � ÿC1a;

U2=e � C01s� C11 as� saÿ 2

3
fasgI

� �
� C12�xaÿ ax�:

�12�
For example, in the widely-used model of Launder et al.
(1975), C1 � 1:8; C01 � 0:8; C11 � C12 � 0:6. The algebraic
system (11) can then be written as

a � ÿasÿ b sa� asÿ 2

3
asf gI

� �
ÿ c�xaÿ ax�; �13�

where

a � 4=3ÿ C01

C1 � P=eÿ 1
; b � 1ÿ C11

C1 � P=eÿ 1
;

c � 1ÿ C12

C1 � P=eÿ 1
�14�

and a, s, and x were de®ned in Section 2. The objective is to
®nd an explicit representation for a in terms of s and x.

Next, we introduce the iterative approach to the construc-
tion of the new NLEVM. Consider the general implicit system

a � b� f�a�: �15�
This may be approximated iteratively by the sequence

a�1� � b; a�n� � b� f�a�nÿ1��; n � 2; 3; 4 . . . �16�
This is only a formal iterative procedure, and no assumption is
made about its convergence. If the same technique is applied to
system (13), the following sequence is obtained.

a�1� � ÿas: �17�
This is obviously of a linear-EVM type. Iterating, according to
Eq. (16),

a�2� � ÿasÿ b sa�1� � a�1�sÿ 2

3
fa�1�sgI

� �
ÿ c xa�1� ÿ a�1�x
ÿ �

� ÿas� 2ab s2 ÿ 1

3
s2I

� �
� ac xsÿ sx� �: �18�

Table 1

Coe�cients of various nonlinear eddy-viscosity models

Model C q1 q2 q3 c1 c2 c3 c4

Speziale (1987) 0.09 0.054 q1 0 0 0 0 0

Rubinstein and Barton (1990) 0.085 0.230 0.047 0.189 0 0 0 0

Shih et al. (1993)±SZL 2=3

�1:25�s�0:9x�
3

1000�s3 5q1 ÿ 19
3

q1 0 0 0 0

Lien et al. (1996) flCSZL flq1;SZL 5q1 ÿ 19
3

q1 16flC3
SZL c1 0 ÿ5c1
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This is a quadratic NLEVM. Note that there is no x2 term. It-
erating again leads to

a�3� � ÿ asÿ b sa�2� � a�2�sÿ 2

3
fa�2�sgI

� �
ÿ c�xa�2� ÿ a�2�x�

� ÿas� 2ab s2 ÿ 1

3
s2I

� �
� ac�xsÿ sx�

ÿ 4ab2 s3 ÿ 1

3
s3Iÿ 1

3
s2s

� �
ÿ 3abc xs2 ÿ s2x

ÿ �
ÿ ac2 x2s� sx2 ÿ 2xsx

ÿ �
: �19�

This is a cubic EVM. Iteration is concluded at this level. The
last approximation can be written in more than one form, since
the Cayley±Hamilton theorem applied to s and s� x yields

s3 ÿ 1

3
s3I � 1

2
s2s;

x2s� sx2 � xsxÿ fxsxgI � 1

2
x2s:

�20�

Substituting the resulting expressions for s3 and xsx in
Eq. (19), one obtains a cubic stress±strain relationship in the
canonical form (4):

a�3� � ÿ as� 2ab s2 ÿ 1

3
s2I

� �
� ac�xsÿ sx� ÿ 2

3
ab2s2s

ÿ 2ac2x2sÿ 3ac2 x2s� sx2 ÿ x2sÿ 2

3
fxsxgI

� �
ÿ 3abc�xs2 ÿ s2x�: �21�

In principle, the parent DSM gives the values of a; b; c ac-
cording to Eq. (14). However, these will not be appropriate
for wall-bounded ¯ows, because the expression for Uij included
no wall-re¯ection or viscous e�ects, and the algebraic-stress
simpli®cations ± in particular, the assumption of isotropic dis-
sipation ± become untenable in the viscous sublayer. In the
present model, the role of the DSM is to provide the relation-
ship between coe�cients, with free parameters a; b, and c cali-
brated to return the correct behaviour of all stresses in a
simple shear ¯ow.

3.3. Calibration in simple shear

In simple shear, where @U=@y is the only nonzero velocity
derivative, the cubic model (21) gives, for the three indepen-
dent anisotropy components,

a11 � u2=k ÿ 2=3 � 1

6
�ab� 3ac�r2;

a22 � m2=k ÿ 2=3 � 1

6
�abÿ 3ac�r2;

a12 � um=k � ÿ 1

2
ar 1ÿ c2 ÿ 1

3
b2

� �
r2

� �
;

�22�

where the tensorially-invariant shear parameter

r � �k=e�
����������������������
�@Ui=@xj�2

q
here reduces to r � �k=e�@U=@y. The

essence of the calibration is simple: by determining aij and r
as functions of y� from some fundamental ¯ow, indicated
henceforth by a tilde, Eq. (22) can be inverted for a; b, and
c. This leads to

a~r � ÿ~a12 �
������������������������������������������������������������������
~a2

12 � �~a11 ÿ ~a22�2 ÿ 3�~a11 � ~a22�2
q

;

b~r � 3�~a11 � ~a22�
a~r

; c~r � ~a11 ÿ ~a22

a~r
:

�23�

The process bears some resemblance to the calibration (al-
though not the derivation) of the quadratic model of Speziale
(1987).

In establishing ~aij, two limiting values are known:
~a22�0� � ÿ2=3 and ~a12�0� � 0; since m2=k ! 0 as y� ! 0. For
general functional forms, it is possible to use DNS data for
some fundamental shear ¯ow: for example, a zero-pressure-
gradient boundary layer (Spalart, 1988) or fully-developed
channel ¯ow (Kim et al., 1987, and related unpublished data).
In each case, stress components are given as functions of
y� � ynus=m, where us � �sw=q�1=2

and sw is the wall shear
stress. As y� will generally be unavailable in a complex ¯ow,
these are re-plotted as functions of y�, although it is acknowl-
edged that y� will not necessarily be monotonic with distance
from the wall. A distance-free formulation could be obtained
through use of Rt rather than y�, but the experience of the pres-
ent authors is that y� is a far more representative wall-distance
indicator and tends to be more numerically stable. The varia-
tions of the normalised Reynolds stresses and the dimension-
less shear parameter are plotted in Fig. 2, for boundary-layer
and channel ¯ow at various Reynolds numbers, together with
the following curve ®ts, having the correct asymptotic behav-
iour for small y� and in the log-law region, to the channel-¯ow
data at the larger Reynolds number:

u2=k � 1� 0:42exp�0:296y�1=2 ÿ 0:040y��;
m2=k � 0:404�1ÿ exp�ÿ0:001y� ÿ 0:000147y�2��;
ÿ um=k � 0:3�1ÿ exp�ÿ0:00443y�1=2 ÿ 0:0189y���;

�24�

and

~r � 3:33�1ÿ exp�ÿ0:45y����1� 0:277y�3=2 exp�ÿ0:088y���:
�25�

Considering ®rst the high-Re regime, i.e., letting y� ! 1 in
Eq. (24), and denoting variables in this limit by a subscript
1, one obtains

a � a1~r1 � 0:96; b � b1~r1 � 0:22;

c � c1~r1 � 0:62: �26�
A feature of the present model is that both linear and cubic

terms contribute to the shear stress in simple shear, since the
terms in s2s and x2s do not cancel. If a; b, and c are evaluated
according to Eq. (23) for all y�, it is found that both the linear
term �ÿas� and the cubic terms are O(1) as y� ! 0, and only in
combination do they yield an expression for a12, which vanish-
es as y� ! 0. To ensure that each individually vanishes as
y� ! 0, we replace b and c in the cubic terms by b0 and c0, so
that

b0~r � b1~r1 � b; c0~r � c1~r1 � c: �27�
From Eq. (22), the expression for a in Eq. (23) must then be
amended in the viscous sublayer:

a � 2
�ÿ~a12�

~r
1� 1

3
b

2 ÿ c2

� �ÿ1

: �28�
The expression for the quadratic coe�cients remains un-
changed. This minor variation can be justi®ed on the grounds
that the algebraic Reynolds-stress model is strictly invalid in
the viscous sublayer and that the requirement is to make a
smooth transition to a model consistent with observed near-
wall anisotropy components.

3.4. Extension to nonequilibrium conditions

The calibration above assumes equilibrium conditions and
it is pertinent to consider how departures from equilibrium
may be modelled. From the actual ¯ow ®eld, it is possible to
calculate local strain parameters s � �2sijsij�1=2

;x �
�2xijxij�1=2

and r � �sijsij � xijxij�1=2 � �k=e�
����������������������
�@Ui=@xj�2

q
,
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which all reduce to ~r in the calibration ¯ow. Thus, it is permis-
sible to multiply a; b; and c by functions of the form
fP �s=~r;x=~r� or fP �r=~r�, which are unity when s � x � ~r.
Now, although the values of a; b, and c from the original
DSM (Eq. (14)) are not used, it is observed that each has the
same P=e-dependence through the factor �C1 � P=eÿ 1�ÿ1

.
This indicates the typical variation of coe�cients as the ¯ow
departs from the simple shear ¯ow in which they were calibrat-
ed ± in particular the behaviour for large strains ± and suggests
a multiplicative factor,

fP � C1 � ~P=eÿ 1

C1 � P=eÿ 1
; �29�

in each of a; b, and c, where the tilde signi®es, as usual, con-
ditions in the calibration ¯ow. The direct use of Eq. (29) is
found to lead to numerical instability. Instead, P=e is approx-
imated by fP

~Clr2. We discuss this approximation, and the val-
ue of ~Cl, below. Inverting Eq. (29) for fP yields

fP � 2f0

1�
��������������������������������������������
1� 4f0�f0 ÿ 1��r=~r�2

q ; �30�

where f0 � 1� ~Cl ~r2=�C1 ÿ 1�.
In fact, relation (30) ensures that fP � 1 when r � ~r, re-

gardless of f0. The anisotropy components will be assured
bounded if fP 6K�~r=r�, where K is a constant independent of
y�, and for this we require �f0 ÿ 1� strictly greater than zero.

Fig. 2. Pro®les of normalised stresses and shear parameter from DNS data: (a) normal stresses; (b) shear stress; (c) shear parameter.
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This is accomplished by taking ~Cl ~r2 � max�0:09~r2; 1:0�, which
is formally true only in the log-law region. With C1 � 1:8 in ac-
cordance with the DSM, f0, the value of fP in the absence of
mean strain, is given by

f0 � 1� 1:25 max�0:09~r2; 1:0�: �31�
The boundedness requirement in ¯ows with large rotational
strains is also the reason for assuming P=e / r2 rather than
P=e / s2, as would be the case for linear models. Note that
boundedness is a weaker condition than realisability ± all nor-
mal stresses positive and the Schwarz inequality satis®ed ±
which is much harder to impose in a low-Re model, since
m2=k tends to its theoretical lower bound of zero as the wall
is approached.

To summarise, the ®nal cubic, low-Re stress±strain rela-
tionship has the canonical form (4) with

C �
ÿ ~a12

� �
~r

1� 1

3
b

2 ÿ c2

� �ÿ1

fP ;

q1 � 6�~a11 � ~a22�
~r2

f 2
P ; q2 � ~a11 ÿ ~a22

~r2
f 2

P ; q3 � 0;

c1 �
4

3
C�b=~r�2f 2

P ; c2 � 4C�c=~r�2f 2
P ; c3 � 6C�c=~r�2f 2

P ;

c4 � 6C�b=~r��c=~r�f 2
P ;

�32�
where b and c are given by Eq. (26) and fP by Eqs. (30) and
(31). Simple-shear-¯ow values of anisotropy components ~aij

and shear parameter ~r are derived from Eqs. (24) and (25), res-
pectively.

When the ®rst two cubic terms are compounded with the
linear term, the stress±strain relationship may be written as

a � ~a12

~r

1� 1
3
b

2�s=~r�2 ÿ c2�x=~r�2
n o

f 2
P

1� 1
3
b

2 ÿ c2

24 35fP �2s�

� q1 s2 ÿ 1

3
s2I

� �
� q2 xsÿ sx� � � �additional cubic terms�;

�33�
where, in any 2-D incompressible ¯ow, the third line vanishes,
and only the ®rst line contributes to the production of turbu-
lent kinetic energy. The term bracketed [.] represents a curva-
ture-dependent factor. However, because it is not
unconditionally positive, it cannot be assimilated into a curva-
ture-dependent Cl.

3.5. Turbulence transport equations

We adopt here the construction of Lien and Leschziner
(1993) in writing the modelled low-Re k and e transport equa-
tions as

Dk
Dt
� r:��m� mt=rk�rk� � P ÿ e �34�

and

De
Dt
� r:��m� mt=re�re� � �Ce1P ÿ Ce2�eÿ Dew�� ek ; �35�

where

ew � k3=2

~le

: �36�
~le is an algebraic approximation for the near-wall dissipation
length scale (see below) and D is a damping function that van-
ishes in the high-Rt regime. The constants are Ce1 � 1:44;
Ce2 � 1:83 and rk � 1:0. re � j2=C1=2

l1�Ce2 ÿ Ce1� � 1:37, to be

consistent with the log-law of the wall. The above value for
Ce2 is increasingly being used in preference to the more familiar
1.92, and is found to be markedly better in ¯ows with large
streamwise pressure gradients. Note that both k and e equa-
tions assume isotropic di�usion based on an eddy-viscosity
mt � Clk2=e, where

Cl �
ÿ ~a12

� �
~r

fP : �37�

In this case Cl is not equal to C in the ®rst line of the stress±
strain constitutive relation, because cubic terms (proportional
to s) also contribute to the balance in simple shear. A numer-
ically equivalent (but more convenient) treatment, however, is
to set Cl � C and apply compensating factors �1� 1

3
b

2 ÿ c2�ÿ1

to rk and re.
The additional low-Re source term in the e equation is de-

signed to return a length scale close to an algebraic form ~le as
the wall is approached. This form is based on an approxima-
tion to the DNS data used earlier to calibrate the stress±strain
coe�cients:

~le � ay�1� b=y���1ÿ exp�ÿy�2=2ab��; �38�
where a � 1:09; b � 128: Apart from providing a satisfactory
curve ®t (Fig. 3), this is so constructed as to conform to the
theoretical asymptotic behaviour �e � 2mk=y2; le � yy�=2� as
y� ! 0 and to a linear variation, albeit with an o�set, in the
log-law region. It should be remarked, however, that, unlike
the normalised stress components (Fig. 2), DNS predictions
of le vary signi®cantly with geometry and Reynolds number.

When the new nonlinear stress±strain relationship is used to
calculate channel ¯ow, it is found that the normalised stresses
uiuj=k are relatively insensitive to the modelling of the e equa-
tion. The absolute values of the stresses are, however, depen-
dent on a good representation of k and hence on the low-Re
terms in the dissipation-rate equation. A careful calibration
in channel ¯ow yields the damping function

D � eÿ0:0038y�2 : �39�
The resulting mean-velocity and stress pro®les are compared
with DNS data in Fig. 4.

Fig. 3. Channel ¯ow at ReD � 7890 ± dissipation length.
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4. Comparison with experiment

4.1. Numerical procedures and models tested

The performance of the present nonlinear k ÿ e model has
been examined against other two-equation models for a num-
ber of 2-D test cases (Fig. 5). Calculations were performed
with a modi®ed version of the ®nite-volume code STREAM
(Lien and Leschziner, 1994), using nonstaggered variable stor-
age on single-block, structured, nonorthogonal grids. The stea-
dy-state, incompressible ¯ow equations for primitive variables
were solved iteratively, using the SIMPLE pressure-correction
algorithm and line-iterative procedures to solve the discretised
equations. The advective ¯uxes of all variables were approxi-
mated by the second-order, upwind-biased, bounded UMIST
scheme (Lien and Leschziner, 1994) ± a total-variation-dimin-
ishing implementation of the QUICK scheme ± and the mass
¯uxes on cell faces obtained by the Rhie±Chow interpolation
procedure.

Besides predictions with the new cubic model, results for a
number of other low-Re two-equation models have been in-
cluded. These are: the linear k ÿ e model of Lien and Leschzi-
ner (1993); a quadratic version formed by including the
nonlinear terms of Speziale (1987); and the cubic model of
Lien et al. (1996). Besides the inclusion of cubic terms, the

new model and that of Lien et al. di�er from the other two
in using coe�cients that are sensitised to strain and vorticity

Fig. 4. Channel ¯ow at ReD � 7890: (a) mean velocity; (b) turbulent kinetic energy; (c) normal stresses; (d) shear stress.

Fig. 5. 2-D test cases.
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invariants, a feature found necessary to suppress the excessive
generation of turbulence in ¯ows with large streamwise strains.

4.2. High-lift aerofoil (Piccin and Cassoudesalle, 1987)

The Aerospatiale-A aerofoil is an example of a single-ele-
ment pro®le operating at or near stall, and hence the ¯uid-dy-
namical problem is one of predicting separation in an adverse
pressure gradient from the curved suction surface. Detailed
LDA measurements of mean velocity and turbulent stresses
were made for the angles of attack 7.2� and 13.3� (corrected
for blockage e�ects) at Re � 2:1� 106 (based on chord c and
free-stream velocity U0) and Ma � 0:15. For the present pur-
pose, this ¯ow can be regarded as incompressible. Transition
occurred at 12 and 30% of chord on suction and pressure sur-
faces, respectively, and these locations were speci®ed in the cal-
culations. Flow separation was observed at the larger incidence
angle, on which computations have focused.

This test case was part of the EUROVAL code-validation
exercise (Haase et al., 1993) and the mandatory C-type grid
used in that comparison was adopted here. This contains 352
� 64 control volumes and extends to 10c from the aerofoil sur-

face. The position of the near-wall grid node corresponds to a
maximum y� value of about 0.5. Uniform boundary condi-
tions, with k=U 2

0 � 10ÿ4 and le=c � 1=60, were applied at the
in¯ow boundary and zero-gradient conditions assumed at the
out¯ow boundary. The imposition of a circulation, based on
the experimentally-determined lift, at the outer boundary
was found to have an insigni®cant e�ect on the predicted ¯ow
close to the aerofoil.

Computed mean velocity and turbulent-stress pro®les are
compared with experimental measurements near the separa-
tion point on the suction surface in Fig. 6. The retarding e�ect
of the adverse pressure gradient is best predicted by the new
model, although none of the models tested show separation.
With the linear k±e model the normal stresses are almost equal
in magnitude, whereas the inclusion of quadratic terms results
in a qualitatively correct, though slightly exaggerated, degree
of anisotropy. The normal-stress pro®les are most accurately
represented by the new model and that of Speziale (1987),
which were both calibrated against wall-parallel ¯ows. Curva-
ture e�ects are, apparently, quite weak.

Pressure and skin-friction coe�cients are plotted in Fig. 7.
These coe�cients are of great importance in establishing aero-

Fig. 6. Aerofoil ± mean velocity and turbulence pro®les at 82.5% chord: (a) mean velocity; (b) shear stress; (c) streamwise velocity variance; (d) wall-

normal velocity variance.
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foil characteristics. In addition to generally better prediction of
the pressure and surface drag over the suction surface, the new
model is seen to suppress the anomalous peak in negative pres-
sure near the leading edge. Since this lies within the laminar re-
gion, it cannot be connected to the local turbulence closure and
re¯ects the sensitive coupling between the trailing-edge and
leading-edge ¯ow via circulation-related constraints.

4.3. Plane asymmetric di�user (Obi et al., 1993)

This case involves separation from a plane wall and reat-
tachment in the duct following the di�using section. The di�us-
ing section has a length of 21H , where H is the inlet channel
height, and overall expansion ratio of 4.7. The corners are
rounded with arcs of radius 4.3H . The Reynolds number based
on upstream centre-line velocity and H is 21,200. Fully-devel-
oped pro®les of U and u2 were provided at a distance 11H up-
stream of the di�user section. Mean-velocity and turbulence
pro®les were measured by LDA at various stations, together
with pressure distributions on the walls. The ¯ow was observed
to separate from the angled wall because of the adverse pres-
sure gradient at x=H � 11, measured from the start of the dif-
fuser, and to reattach at x=H � 26.

The ®nite-volume mesh contained 270 � 80 control vol-
umes and extended from x=H � ÿ11 to x=H � 60. Inlet veloc-
ity and turbulence energy were speci®ed using the experimental
data and the approximation k � u2 for fully-developed channel
¯ow. e was determined from a simple algebraic model for the
dissipation length.

The development of the mean-velocity pro®le along the dif-
fuser is shown in Fig. 8. Although all nonlinear models pro-
vide an improvement on the linear k±e model in resolving the
strong cross-channel asymmetry observed in the experiment,
the best agreement is obtained with those models whose coef-
®cients are sensitised to the strain invariants, which helps to
counter the generation of excessive near-wall turbulent length
scales in strong streamwise pressure gradients. By far the best

Fig. 8. Di�user ± development of mean-velocity pro®le.

Fig. 7. Aerofoil ± surface coe�cients: (a) pressure coe�cient; (b) skin

friction.
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agreement is obtained with the new cubic model, which is also
the only model to predict separation from the sloping wall.
Fig. 9 shows mean-velocity and turbulent-stress pro®les near
the centre of the di�user and con®rms that nonlinear models
can correctly predict the asymmetric stress pro®les and the lev-
el of anisotropy. Again, the new cubic model produces good
agreement with the experimentally-derived data, the tendency,
as with the aerofoil, being to exaggerate anisotropy slightly.

4.4. Backward-facing step (Driver and Seegmiller, 1985)

Driver and Seegmiller (1985) conducted a series of LDA
measurements for backstep ¯ows at a number of upper-wall in-

clination angles. The present calculations were for the simplest
case of zero inclination, representing a sudden, one-sided, 1:9/8
expansion. Flow conditions upstream of the step were well-de-
veloped, with Reynolds number (based on mid-stream refer-
ence velocity Ur and step height H ) of 38,000 and boundary-
layer height 1.5H .

Calculations were performed on a rectilinear mesh of 152 �
112 control volumes, with cells ``blocked out'' within the step
to maintain a single-block, structured grid. Variable mesh
spacing was used, with minimum control-volume height
0.0016H at all walls. This was to give y� � 1 at the near-wall
node at in¯ow (x=H � 4, with x measured from the step). Ad-
ditional re®nement was made near the experimental reattach-

Fig. 9. Di�user ± mean-velocity and turbulence pro®les at x=H � 13: (a) mean velocity; (b) shear stress; (c) streamwise velocity variance; (d) cross-

stream velocity variance.
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ment point, x � 6:26H , as determined from oil-®lm measure-
ments. Flow variables were ®xed by the experimental data at
in¯ow.

Fig. 10 shows pro®les of mean velocity and Reynolds
stresses in the recirculating-¯ow region. In contrast to the con-
stant-Cl linear and quadratic models, the strain-sensitive mod-
els of Lien et al. (1996) and that described in the present paper,
both underpredict the turbulence levels in the separated shear
layer. This leads to overprediction of re-attachment length, a
reduced back¯ow velocity, and a deeper recirculating-¯ow re-
gion. A similar behaviour has been observed in computations
of separation behind a 2-D hill (Almeida et al., 1993). Above

the separation streamline, the model behaviour is in accor-
dance with that deduced for simple shear: the addition of qua-
dratic terms tends to increase u2 and diminish m2, but has very
little e�ect on the shear stress.

Fig. 11 shows surface-pressure and skin-friction coe�cients
downstream of the step. The former is particularly sensitive to
the shape of the separation bubble, and the curves here are
consistent with the deeper recirculating-¯ow region predicted
by all the nonlinear models, though most signi®cantly by the
closures with strain-sensitive coe�cients. All models overesti-
mate the rate of recovery in the wake, where there is a discrep-
ancy between the re-attachment position determined

Fig. 10. Backward-facing step ± mean-velocity and turbulence pro®les at x=H � 3: (a) mean velocity; (b) shear stress; (c) streamwise velocity variance;

(d) cross-stream velocity variance.
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experimentally from oil-®lm techniques and that suggested by
the mean-velocity pro®le.

The apparently poor performance of the new model in this
test case can be traced to the nonequilibrium dependence rep-
resented by the factor fP . In both this model and that of Lien et
al. (1996) the appearance of the strain rate in the denominator
of the e�ective Cl has the e�ect of damping turbulent transport
too much in the separated shear layer. On the other hand, such
a strain-dependent linear coe�cient is bene®cial in suppressing
excessive turbulence generation in ¯ows with large streamwise
pressure gradients, besides being necessary to maintain the the-
oretical constraint of bounded anisotropy components. A
slightly-modi®ed version of the new cubic model, based on
Eq. (33), but with �fP=~r�2 replaced by �1=r�2 in the curva-
ture-dependent Cl, was found to improve the pressure
(Fig. 12) and skin-friction coe�cients somewhat. However,
this empirical adjustment had a detrimental e�ect in the other
test cases reported here and has not been pursued further.

5. Conclusions

The capacity of models based upon a nonlinear stress±-
strain relationship to compute complex ¯ows has been as-
sessed, both theoretically and for a number of 2-D test cases.
A new cubic model has been proposed, in which the relation-
ship between coe�cients is determined by the iterative solution
of algebraic equations approximating the di�erential Rey-
nolds-stress equations, with free parameters calibrated by ref-

erence to DNS data for channel ¯ow. Coe�cients are further
sensitised to the local shear invariant in a manner that ensures
that anisotropy components are bounded.

Besides an accurate representation of all stresses in channel
¯ow, which was used for model calibration, the new nonlinear
eddy-viscosity model has been demonstrated to o�er superior
performance to several other linear and nonlinear schemes in
aerofoil and di�user ¯ows, where separation is not guaranteed
by the geometry. The model performs less satisfactorily in mas-
sively-separated ¯ows, where it exhibits a tendency to overpre-
dict the length to re-attachment, because of insu�cient
turbulence energy generated in the curved shear layer. This be-
haviour is associated with the sensitivity of the coe�cients to
the strain and vorticity invariants and is similar to that dis-
played by other models of the bounded or realisable type.
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